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We propose and experimentally demonstrate an efficient framework for the quantum simulation of quantum
channels in Nuclear Magnetic Resonance (NMR). Our approach relies on the suitable decomposition of non-
unitary operators in a linear combination of d unitary ones, which can be then experimentally implemented
with the assistance of a number of ancillary qubits that grows logarithmically in d. As a proof-of-principle
demonstration, we realize the quantum simulation of three quantum channels for a single-qubit: phase damping
(PD), amplitude damping (AD), and depolarizing (DEP) channels. For these paradigmatic cases, we measure
key features, such as the fidelity of the initial state and the associated von Neumann entropy for a qubit evolving
through these channels. Our experiments are carried out using nuclear spins in a liquid sample and NMR control
techniques.
I. INTRODUCTION
In the last decades, significant progress has been achieved
in the isolation and coherent control of quantum systems, al-
lowing for the observation of their unitary dynamics [1–7].
Such a degree of controllability has resulted in the implemen-
tation of quantum machines composed of a growing number
of qubits, which have been used for key tests of quantum sim-
ulations and quantum computers. As envisioned by Richard
Feynman [8], large-scale quantum simulators would open the
door to the analysis of new quantum physical phenomena and
to the study of various models that are nowadays intractable
with classical computers. In opposition to quantum simula-
tors of closed quantum systems, the simulation of open quan-
tum systems, which has also been the subject of some research
both from a theoretical [9–17] and experimental [18–20] point
of view, has been comparatively less explored. In this sense,
both from a theoretical and experimental perspective, simu-
lating open quantum systems pose relevant challenges. For
example, understanding how quantum systems interact with
their environment could potentially shed light on the physics
of photosynthetic processes or transport phenomena in gen-
eral [21, 22], which in turn could help design more efficient
light-harvesting devices [23–25]. It could also help under-
stand dissipation and thermalisation processes, or the nature
of phase transitions. In the same manner, topics related to
the foundations of quantum physics, as the measurement pro-
cess or the quantum-to-classical transition [26], would greatly
benefit from a deeper physical understanding of open quantum
systems.
In this work, we consider the simulation of a general CPTP
channel dynamics and provide an efficient quantum algorithm
for the implementation of non-unitary quantum dynamics as-
sociated to paradigmatic quantum channels. Our approach
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works by decomposing the non-unitary operators into a linear
combination of unitary ones. This can be physically imple-
mented via the assistance of a number of ancillary qubits that
scales logarithmically with respect to the number of the in-
volved unitary operators. We experimentally demonstrate our
proposed quantum simulation method via the implementation
of a set of decoherence quantum channels on a nuclear spin-
qubit with NMR control techniques. More specifically, we
implement the phase damping (PD), the amplitude damping
(AD), and the depolarising (DEP) channels.
II. THEORETICAL RESULTS
An open quantum system can be defined as a subsystem
of a larger system that includes the open system and its en-
vironment and follows a unitary dynamics, as described by
ρse = U(ρ⊗ ρenv)U†. Here, ρ and ρenv are the initial states of
the system and the environment, respectively, and are consid-
ered to be initially uncorrelated. The evolution of the principal
system can be retrieved as ρs = trenv(U(ρ ⊗ ρenv)U†), where
trenv is the partial trace over the environment degrees of free-
dom [2]. Alternatively, the evolution of the system can also
be described by a completely positive and trace-preserving
map [27]: ε(ρ) =
∑
k EkρE
†
k, where Ek are Kraus oper-
ators satisfying
∑
k E
†
kEk = I . Non-unitary processes of
open quantum systems can also be described by master equa-
tions. While the Kraus formalism provides the description of
the dynamics for a discrete time step, a master equation can
provide a continuous time evolution of the density matrix that
describes the open quantum system.
Our method builds upon the framework of the so-called du-
ality quantum computing (DQC) [28]. Such a framework al-
lows for the arbitrary sum of d unitary operators acting on an
n-qubit system by the addition of log2(d) two-level ancillary
systems. Considering that Kraus operators {Ek} can also be
decomposed into a linear sum of d unitary operators, DQC
appears to be of direct applicability to the simulation of open
ar
X
iv
:1
70
4.
05
59
3v
2 
 [q
ua
nt-
ph
]  
17
 D
ec
 20
17
2quantum system. A schematics of our proposal follows these
steps:
(a) A d-dimensional ancillary system is added to our working
system (for example by the addition of n = log2 d qubits)
and the setup is initialised in the state |Ψ〉|0〉, where |Ψ〉
and |0〉 are the input states of the working system and the d-
dimensional ancilla, respectively. One additional operation V
is then performed on the auxiliary qudit |0〉, transforming the
system to: |Ψ〉|0〉 → ∑d−1i=0 Vi0|Ψ〉|i〉, where Vi0 are the first
column elements of the unitary matrix V and are determined
by the target map {Ek}.
(b) The controlled operation Uc = U0⊗|0〉〈0|+U1⊗|1〉〈1|+
....+Ud−1⊗|d−1〉〈d− 1| is implemented afterwards. Here,
U0, U1, ... , Ud−1 are the unitary basis corresponding to the
decomposition of the elements {Ek}. This will result in the
system evolving to the state
∑d−1
i=0 Vi0Ui|Ψ〉|i〉.
(c) Operation W is performed on the auxiliary system, re-
sulting in
∑
i Vi0Ui|Ψ〉W |i〉 =
∑
i
∑
kWkiVi0Ui|Ψ〉|k〉,
where WkiVi0 are complex coefficients, and the sum∑d−1
i=0 WkiVi0 = (WV )k0 corresponds to the (k, 0) el-
ement of the unitary matrix WV , and therefore satisfies
|∑d−1i=0 WkiVi0| ≤ 1. Thus, given a non-unitary transforma-
tion described by {Ek}, its corresponding evolution can be
efficiently implemented if the unitary operations V , W , and
Uc, satisfying Ek =
∑
iWkiVi0Ui, are found. Notice that
the first column of V is defined by the specific decomposition
of the Kraus operators into unitary operators that is chosen,
while the rest of the matrix can be arbitrarily completed, with
the only requirement of it being unitary. On the other hand,
matrix W is uniquely determined by V .
(d) Finally, measuring the corresponding final state of the
working system, with the ancillary system in state |k〉〈k|, will
result in Ek|Ψ〉〈Ψ|E†k. Therefore, if we trace out from the
final state of the complete system, the degrees of freedom as-
sociated to the ancillary qubits, that is, if we sum over each
state |k〉〈k|, with {|k〉} a complete basis of the ancillary sys-
tem, the result ε(ρ) =
∑
k EkρE
†
k, with ρ = |Ψ〉〈Ψ|, will
correspond to the simulation of the map {Ek}.
III. THE THREE PARADIGMATIC CHANNELS AND
EXPERIMENTS
PD channel .– We will start the illustration of our method
analysing the effect of a PD channel acting on a single-
qubit [29]. The effect of the PD channel is to remove the
coherences of the qubit stored in the non diagonal elements
of its density matrix ρin. In the Kraus representation, this cor-
responds to E0 = [1 0; 0
√
1− λ] and E1 = [0 0; 0
√
λ],
where the parameter λ ∈ [0, 1] represents the strength of the
PD channel. In Fig. 1(a) we give the quantum circuit that
would realize such a noise channel according to the method
introduced in this paper, which needs the addition of a sin-
gle ancillary qubit. For this case, Kraus operators E0 and
E1 can be decomposed into a linear combination of the uni-
tary operators I and σz , where I is a 2 × 2 identity matrix
and σx,y,z are Pauli matrices. The decomposition is given by
V W0 10 0
13C
1H
𝑈0 𝑈1in out
V W
𝑈0 𝑈1
0 10 0
in13C
1H 0 0 0 0
𝑈2
1
0
𝑈3
1
119F
out
(𝑎)
(𝑏)
Figure 1. Quantum circuit for the realisation of the PD (AD) channel
(a), and the DEP channel (b). The black lines are the ancilla (held by the
nuclear spins of 13H and 1F), and the blue line is the system qubit (held by
the nuclear spin of 19C). The red blocks represent the controlled operations.
Operation Ui is applied on the system qubit if the ancilla qubits are in the
state |i〉, with i = 0, 1, ..., d− 1.
E0 =
1+
√
1−λ
2 I + 1−
√
1−λ
2 σz and E1 =
√
λ
2 I −
√
λ
2 σz .
It can be easily checked that the unitary operators V , W ,
U0 and U1 that fulfil conditions Ek =
∑1
i=0WkiVi0Ui (k =
0, 1) for a PD channel are given by
U0 = I, U1 = σz, V = W =
 √ 1+√1−λ2 √ 1−√1−λ2√
1−√1−λ
2 −
√
1+
√
1−λ
2
 .
(1)
As illustrated in Fig. 1(a), the composite system consisting
of an ancillary qubit and a working qubit is initialised in state
ρCHin = ρin ⊗ |0〉〈0|, with the input state of the working qubit
ρin = |φ〉〈φ|. In order to extract the evolution correspond-
ing to the PD channel acting on the working qubit, we need
to trace out the ancillary degrees of freedom from the final
state ρCHout . After doing so, the final state of the working qubit
should correspond to ρout = εPD(ρin) = E0ρinE
†
0 + E1ρinE
†
1 .
The subspace where the ancillary qubit is in the state |0〉 will
be associated with the evolution of the working system that
corresponds to E0ρinE
†
0 , while the subspace of the ancilla
state |1〉 will be associated to E1ρinE†1 .
In order to experimentally demonstrate our proposed quan-
tum simulation scheme, we make use of the nuclear spins in
a sample of 13C-labeled chloroform dissolved in deuterated
acetone that we manipulate through techniques of NMR[30,
31]. The nuclear spins of 13C and 1H are used to encode the
two-level working qubit and the ancillary qubit, respectively.
The corresponding molecule structure and parameters are il-
lustrated in Fig. 2(a). Under the weak coupling approxima-
tion, the natural Hamiltonian of an n-qubit NMR system can
be expressed as
Hnint =
n∑
i=1
ωiσ
i
z +
n∑
i<j,i=1
piJij
2
σizσ
j
z , (2)
where ωi is the chemical shift of the ith nucleus and Jij is the
J-coupling constant between the ith and the jth nuclear spins.
313C 1H 19F 𝑇1(s) 𝑇2(s)
13C -8592.9 1.88 0.73
1H 161.56 -2221.5 3.13 1.10
19F -192.01 47.53 73992.7 3.60 1.18
(a)
(b)
Figure 2. Molecular structure and relevant parameters of experimental
samples. (a) 13C-labeled Chloroform. (b) The diethyl fluoromalonate.
The values of the chemical shifts (Hz) and J-coupling constant (Hz) between
the column and row nuclei of the molecule are represented by the diagonal
and off-diagonal elements of the table, respectively. The tables also provide
the longitudinal time T1 and transversal relaxation T2, which can be mea-
sured using the techniques such as the standard inversion recovery.
In experiments, starting from an initial thermal equilibrium
state, we first generate a pseudo-pure state (PPS) associated
to the state |0〉⊗n, as the thermal state is not useful for quan-
tum computation because it is a highly mixed state. For the
employed liquid sample, the thermal equilibrium state can be
written as
ρthermal =
I⊗n
2n
+
n∑
i=1
iσ
i
z , (3)
where n is the number of qubits, and i represents the polar-
ization of the i-th nucleus at room temperature. The spatial
averaging technique was used to initilize our system [32–34],
taking the thermal state to the following PPS
ρ0 =
1− 
2n
I + |0〉〈0|⊗n. (4)
A state of this form is convenient as the term related to the
identity does not evolve under any unitary propagator and can-
not be observed in NMR. Therefore, we can restrict our anal-
ysis to the deviation term |0〉〈0|⊗n and use it to encode the
behaviour of the quantum system. For our experimental anal-
ysis, we consider the following initial state for the working
qubit: |X〉 = (|0〉 + |1〉)/√2, | − Y 〉 = (|0〉 − i|1〉)/√2,
and |Z〉 = |0〉. Secondly, for each given input state ρin,
we measure the expectation values <σx,y,z>=Tr(ρoutσx,y,z)
on the working qubit at the output of the circuit, after it has
undergone all the unitary steps. We do this for a collection of
values of the parameter λ, ranging from 0 to 1 and incremen-
tal steps of 1/20. The output state of the working qubit ρout is
directly obtained via single-qubit tomography.
The whole process, from the PPS |00〉〈00| to the end of
the protocol, contains the following steps: a single rotation of
the system qubit to prepare its initial state ρin ⊗ |0〉〈0| from
the PPS |00〉〈00|, the operations V , W , all the controlled op-
erations, and the readout pi/2 pulse. These operations are all
packed up together and realised via the GRadient Ascent Pulse
Engineering (GRAPE) technique [35, 36]. The GRAPE ap-
proach provides a 5ms pulse width and over 99.5% fidelity
for the whole package. Analytically, for any input state of the
form ρin = 0.5I+ασx+βσy+γσz , the PD channel should re-
sult in a final state ρthout = 0.5I+α
√
1− λσx+β
√
1− λσy+
γσz . In Fig. 3(a), the expectation values of <σx,y,z> are plot-
ted, which agree well with the theoretically expected values.
These clearly show that the PD channel reduces all the mag-
netisation, Mx,y , in the xy plane, while keeping the magneti-
sation, Mz , in the z direction for any input state ρin.
AD channel .– We move now to analyse the case of the AD
channel [37], which is characterised by taking every input to
a specific state. The AD channel is described in the Kraus
representation via the operators M0 = [1 0; 0
√
1− λ] and
M1 = [0
√
λ; 0 0]. Alternatively, the AD process can be repre-
sented asM0ρinM
†
0 +λS0ρinS
†
0 , where S0 is a Kraus operator
corresponding to the completely positive and trace preserving
process described by the set of Kraus operators {S0, S1}, with
S0 = [0 1; 0 0] and S1 = [0 0; 1 0]. For experimental conve-
nience, we choose to implement this second decomposition in
terms of M0 and S0. We do this, on the one hand, because the
M0ρinM
†
0 part can be directly obtained from the simulation
of the PD channel, and on the other hand, because the simu-
lation of S0 is specially convenient as it does not depend on
parameter λ, and therefore a single experimental run serves
to compute the effect of any value of λ, clearly reducing the
experimental requirements. The evolution associated to Kraus
operators S0 and S1 can easily be given by the operators V ,
W , U0, and U1 taking values
U0 = σx, U1 = iσy, V = W =
√
1
2
 1 1
1 −1
 . (5)
Thus, the experiment is performed in two steps, corre-
sponding to the quantum circuit shown in Fig. 1(a) with two
different settings of the operators V , W , U0, and U1. The first
setting is chosen according to Eq. (1), and only subspace |0〉
of the ancillary qubit is measured, which is associated to the
transformation M0ρinM
†
0 . The second setting is that shown
in Eq. (5), and we only measure the subspace of the ancil-
lary qubit corresponding to state |0〉, which leads to the term
S0ρinS
†
0 .
We use the same sample as that of the previous experiment
in order to experimentally simulate the dynamics of the AD
channel. We follow the same experimental steps as those in
the previous section, performing the experiment twice, for two
different setting of the quantum gates in the circuit. As an ex-
ample, for the case in which the expectation value <σy> of
the final state is measured for the initial state |X〉, we firstly
prepare the initial state ρCHin = |X〉〈X| ⊗ |0〉〈0| from the PPS
and drive it following quantum circuit shown in Fig. 1(a),
as described by Eq. (1). Then, the observable σy ⊗ |0〉〈0| is
measured to provide the y-element associated to the evolution
M0ρinM
†
0 . Next, the same preparation and measurement are
performed but this time utilizing the setting of unitary opera-
tors in Eq. (5), the results corresponding now to the y-element
associated to S0ρinS
†
0 . Combining these two results, one ob-
tains the desired value <σy> for a qubit undergoing an AD
channel. As in the previous experiment, the GRAPE tech-
nique is employed to generate the evolution corresponding to
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Figure 3. Experimental results for the quantum simulation of the PD channel (a), and the AD channel (b). In each of the two experiments, we initially
prepare the working qubit in states |X〉, | − Y 〉, and |Z〉, which is easily realised by using a pi/2 pulse around x axis (y axis) starting from the initial state
|Z〉 = |0〉. Then, we measure the expectation values σx,y,z for the output state of the working qubit. The parameter λ is varied from 0 to 1 with 1/20 increments.
the quantum circuits.
For the input state ρin, the AD channel can be shown to re-
sult in ρthout = 0.5I + α
√
1− λσx + β
√
1− λσy + (γ(1 −
λ) + 0.5λ)σz . In Fig. 3(b), we show the experimental mea-
surement of 〈σx,y,z〉, necessary for the reconstruction of the
system qubit, and how these measurement compare to the an-
alytically computed values. The experimental results show a
good agreement with the theoretical predictions, which clearly
show that the AD channel damps the system towards the
ground state |0〉〈0|, reducing the magnetisation in the xy
plane, while increasing it in the z direction. This could be of
interest in the initialisation of a system that is in an arbitrary
state.
0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0
- 1
0
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Figure 4. Experimental results for the quantum simulation the DEP
channel. We perform three experiments, preparing the system qubit in state
+x, −y, and +z, which corresponds to a direction in the Bloch sphere. We
then measure the expectation value of a Pauli matrix in the same axis for each
initial state. For instance, the observable <σy>=Tr(ρoutσy) will be measured
if the initial state is −y direction.
DEP channel .– To complete our study of decoherence
channels, we consider the DEP channel εDEP [38]. For this
case, the Kraus representation is given by E0 =
√
1− 3p4 I,
E1 =
√
p
4σx, E2 =
√
p
4σy , and E3 =
√
p
4σz . It can be
trivially shown that the effect of the DEP channel on an ini-
tial state ρin is to evolve towards the maximally mixed state
εDEP(ρin) = pI/2 + (1− p)ρin, with some probability p.
In Fig. 1(b), the quantum circuit to realise the quantum sim-
ulation of the DEP channel is depicted, following our pro-
posed protocol. In this case, we set U0 = I, U1 = σx,
U2 = σy , and U3 = σz , while operator V is given by
√
1− 3p4 −
√
p
4 (1− 3p4 )
1− p4 −
√
p
4 (1− 3p4 )
(1− p4 )(1− p2 ) −
√
p
4−2p√
p
4
√
1− p4 0 0√
p
4 − p4√1− p4
√
1− p2
1− p4 0√
p
4 − p4√1− p4 −
p
4
√
(1− p4 )(1− p2 )
√
4−3p
4−2p

.
On the other hand, operationW is fixed to a 4×4 identity ma-
trix. The quantum circuit for the DEP channel is then imple-
mented by combining two ancillary qubits initially prepared in
the state |00〉〈00| and a system qubit in input state ρin. At the
end of the protocol, the two ancillary qubits are traced out to
acquire the output state of the DEP channel ρout = εDEP(ρin).
Experimentally, we need a three-qubit quantum-
information processor, which is implemented via diethyl
fluoromalonate dissolved in d6 acetone in NMR, where the
nuclear spins of 13C, 1H, and 19F in the diethyl fluoroma-
lonate molecule act as the system qubit and the two ancillary
qubits, respectively. Figure 2(b) shows the corresponding
structure and parameters. The spatial averaging technique is
again used to prepare the PPS |000〉〈000| [39]. The unitary
operators are implemented via the GRAPE technique that
provides a 10ms pulse width. For the DEP channel, we only
carry out xx-, y¯y-, and zz-experiments, which are enough to
5demonstrate the properties of the DEP channel. For instance,
for the case of the y¯y-experiment, we prepare the system in
the state | − Y 〉〈−Y | ⊗ |00〉〈00| by applying a pi/2 pulse
around the x axis to the system qubit 13C. Then, we measure
the observable σy ⊗ I ⊗ I which provides us with the
expectation value <σy>=Tr(ρoutσy). ρout is the output state of
the system qubit 13C after tracing out the ancillary qubits 1H
and 19F at the end of quantum circuit. Two other experiments
are performed in a similar fashion similarly corresponding to
y¯y-experiments. Fig. (4) illustrates the corresponding results
of three experiments xx, y¯y, and zz for different values of
p, which presents a good agreement between the theoretical
predictions and the experiments.
IV. DISCUSSION
In order to evaluate the accuracy of our simulations, we
have computed the fidelity F (ρexpout , ρthout) between the recon-
structed single-qubit density matrix ρexpout and the ideal state
ρthout for each of the PD and AD channels using the follow-
ing procedure. These results are illustrated in Fig. 5. The
adopted fidelity definition through the whole work is F =
Tr(ρaρb)/
√
Tr(ρ2a)Tr(ρ2b). In our experiments, the average fi-
delities between the reconstructed single-qubit state ρexpout and
the ideal output state ρthout are around 99.52% and 99.87% for
the PD and AD channels, respectively.
For an n-qubit quantum system ρSA, with one system qubit
and (n − 1) ancillary qubits, the operation of tracing out the
ancillary qubits, in order to obtain the state of our system qubit
ρS = TrA(ρSA), can be realised by measuring the following
operators of the output state ρSA,
Mx,y,z = σx,y,z ⊗ I⊗n−1. (6)
In an NMR platform, 2n−1 peaks will be observed, with the
m-th peak providing the expectation values of operators
Mm,nx = σx ⊗ |b(m− 1, n− 1)〉〈b(m− 1, n− 1)| and
Mm,ny = σy ⊗ |b(m− 1, n− 1)〉〈b(m− 1, n− 1)|,
(7)
where b(m− 1, n− 1) is the binary representation of number
m− 1 in n− 1 bits.
Summing the following results overm from 1 to 2n−1 leads
to Mx,y =
∑2n−1
m=1Mm,nx,y . To measure the observable Mz ,
we apply an additional readout pulse (pi/2 pulse around y
axes) on the system qubit at the end, which transfers the mag-
netization in the z direction to the x direction. In this manner,
the expectation value ofMx corresponds the value of the de-
sired observableMz . Moreover, single-qubit tomography of
the system qubit can easily be realised using the following
rule,
ρS =
1
2
I + 〈Mx〉
2n
σx +
〈My〉
2n
σy +
〈Mz〉
2n
σz, (8)
where the coefficient 2n is a normalisation constant, and
〈Mx,y,z〉 is the expectation value of observable Mx,y,z ,
Tr(ρSAMx,y,z).
We further complete our analysis by the study of the
behaviour of some additional properties under these quantum
channels. More precisely, we look at the fidelity F (ρout, ρin)
and the von Neumann entropy S(ρout) = −Tr(ρoutlog2ρout),
for an input state |X〉 as it undergoes the PD and AD
channels. These results are illustrated in Fig. (6). F (ρout, ρin)
reflects the strength of the quantum channel acting on a qubit,
which decreases for higher strength λ. S(ρout) quantifies
the strength of the entanglement between the system qubit
and the ancillary system, such that S will increase together
with the strength λ of the PD channel. On the opposite, for
the AD channel the entropy clearly shows a maximum for
λ = 0.5, while it vanishes for minimal (λ = 0) and maximal
(λ = 1) values of λ. This happens because under the PD
channel the initial state |X〉 will tend towards a maximally
mixed state while, for an AD channel, it will gradually tend
towards the ground state |0〉 through intermediate mixed
states, respectively.
CONCLUSION
We have proposed a method for the quantum simulation of
open quantum dynamics and experimentally implemented the
proposed simulation procedure, realizing proof-of-principle
experiments in an NMR setup. Our experiment is a small-
scale demonstration of the working principles of the proposed
techniques, which can be considered as building blocks for
more involved protocols. The experimental results show a
high degree of correspondence with the theoretical predic-
tions, showing the capacity of our method to simulate paradig-
matic decoherence channels. A natural extension of this work
is the development of methods to construct algorithms to sim-
ulate the dynamics of open quantum systems in higher di-
mensions. For example, using the Weyl operator basis, any
three-dimensional channel in the Kraus representation can
be decomposed into a linear combination of Weyl operators:
M =
∑2
n,m=0 bnmUnm [40], where Unm is the Weyl oper-
ator and bnm are coefficients. Namely, we can perform any
Kraus operator in the form of a linear combination of Weyl
operators with the proposed method.
ACKNOWLEDGMENTS
T. X. , S. W. and G. L. are grateful to the following
funding sources: National Natural Science Foundation of
China under Grants No. 11175094 and No. 91221205; Na-
tional Basic Research Program of China under Grant No.
2015CB921002. J. S. P. and E. S. acknowledge financial sup-
port from grants: Spanish MINECO/FEDER FIS2015-69983-
P and Basque Government IT986-16.
60.9
1.0
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
0.98
1.00
Figure 5. Fidelity F (ρexpout , ρthout) of the state after the quantum simulation of PD and AD channel with respect to the analytically expected state. For
a number of input states |X〉, | − Y 〉, and |Z〉, the output density matrices ρexpout are measured and their fidelity F (ρexpout , ρthout) with respect to the ideal values
is computed. The subfigure (a) and (b) present the corresponding fidelities for the PD and AD channels, respectively. n(λ) represents each of the steps of
parameter λ as it increases from 0 to 1 in 18 steps.
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Figure 6. Fidelity F (ρout, ρin) and entropy S(ρout) for a qubit evolving
under a PD channel (a), and an AD channel (b). F (ρout, ρin) is decreasing
because the output ρout slowly deviates from the input state ρin. The be-
haviour of S(ρout) is directly guided by the entanglement strength between
the system qubit and the environment, or the purity of the system qubit after
tracing out the environment.
APPENDIX A: SCALING OF THE PROTOCOL
The size of the ancillary system in our protocol is given
by the greatest of these two: the number of Kraus operators
d1, and the number of unitary operators d2 onto which the
Kraus operators are decomposed. For an n-qubit system, with
a Hilbert space dimension dS = 2n, any operator can be de-
composed in the Weyl basis [40] as the complex superposition
of maximally d2S unitary operators, which are also traceless,
and trace-wise orthogonal. Therefore, all the simulated Kraus
operators, which act on a system of n qubits, can be decom-
posed into a basis of not more than N = 22n unitary opera-
tors. As a consequence, the total number of ancillary qubits is
upper bounded by log2(N) = 2n. This is similar to other sim-
ulation approaches, like for example the Stinespring dilatation
method, which also takes a maximum of 2n ancillary qubits.
In order to count the number of required gates, we split our
protocol in two parts. On the one hand, we have the initial
and final operations V and W , which act on the ancillary sys-
tem and are, in general, arbitrary matrices. It is known that
an arbitrary unitary operation acting on an M -qubit system
can always be implemented with a circuit containing a total of
O(M322M ) single qubit and CNOT gates [2, 41, 42]. There-
fore, in the most unfavourable case, where a total of 2n an-
cillary qubits are required, our method would employ up to
O(8n324n) single-qubit and two-qubit gates to implement the
V and W operations.
On the other hand, we have the controlled unitary opera-
tions acting on the target system of n qubits. This operations
are not arbitrary, but they correspond to a specific basis of
unitary operators. One can, for example, choose a basis con-
sisting of the tensor product of Pauli operators. In this case,
𝑄1
𝑄2
𝑄𝑖
𝑄2𝑛−1
𝑄2𝑛
𝑛
2𝑛
𝑈 𝑀 𝑀𝑀†
=
Figure 7. The decomposition of a controlled operationC2n(U). C2n(U)
can be decomposed into a combination of controlled operations C2n−1(M),
C1(M†), C1(M) and two Toffolli gates over 2n qubits. Here, M2 = U .
it can be shown that the gate complexity for each of the con-
trolled operations goes like O(n2) [41]. Let Cm(U) denote
a controlled gate where the number of control qubits is m
and U acts on a target system of n qubits. We will use Tm
to denote the gate cost of decomposing Cm(U). The circuit
in Fig. 7 shows a suitable decomposition of C2n(U). More-
over, the Toffolli gate over 2n qubits can be decomposed into
O(n) single-qubit and CNOT gates. On the other hand, M†
and M , which fulfil M2 = U , can also be decomposed into
n single-qubit gates, as U is a tensor product of Pauli matri-
ces. The cost of decomposing the gates C1(M) and C1(M†)
is therefore O(n). From such a decomposition, the following
7Table I. The standard deviations between simulated results and theoretical
predictions. The subscript in  indicates the input state.
Deviations x y¯ z
PD channel 0.0136 0.0158 0.0107
AD channel 0.0091 0.0098 0.0103
DEP channel 0.0994 0.0203 0.0434
recurrence relation can be inferred,
Tm = Tm−1 +O(n). (9)
Hence, the total gate complexity to implement each controlled
unitary operator C2n(U) is proportional to O(n2).
According to the discussion above, a total of 22n unitary
operations form a complete basis of the n-qubit system, and
therefore the implementation of these basis operators con-
trolled with respect to the ancillary system takes a total of
O(n222n) single qubit and CNOT gates. In total our algo-
rithm in the most general case can be associated to a gate
complexity of O(8n324n + n222n). If we consider other sim-
ulation methods, like the Stinespring dilatation, were the sys-
tem is enlarged to accommodate a 2n-qubit environment in
the most general case, we find that to perform an arbitrary
unitary operation in the enlarged Hilbert space, we need up
to O(27n326n) single qubit and CNOT gates, which is an ex-
ponential factor more gates than we need. This is because,
while our method keeps the size of the operations either to
the size of the system or to that of the ancillary space, the
Stinespring dilatation method needs to perform operations on
the complete system-plus-ancilla space. However, for specific
cases where the number of Kraus operators is small and their
decomposition requires a large number of unitary operators, it
can be the case that the Stinespring dilatation method is more
convenient. Ultimately, the comparison should be done case
by case.
APPENDIX B: MEASUREMENTS IN NMR
While NMR spectroscopy is a so-called ensemble weak
measurement, which does not collapse the total wave func-
tion, expectation values of arbitrary global spin observables
can be measured, and with these one can reproduce the out-
come of projective measurements, which can be distinguished
by the spectra of the NMR ensamble and individually operated
on with selective pulses in NMR. In this manner, one can im-
itate the outcomes of projective measurements and their asso-
ciated probabilities [44–46]. Besides, in NMR, the measure-
ment of the expectation value of an observable corresponds to
the spectroscopy of macroscopic ensembles of quantum spins,
which results in a usually significantly precise and stable mea-
surement. Indeed, the precision of the measured data is such
that the error bars are typically smaller than the plotted dots,
as it is the case for the experimental data presented throughout
this paper.
Finally, the minor deviations of the measured data can be
associated to imperfections of the PPS initialization, impreci-
sions of the GRAPE pulses, and dephasing effects caused by
decoherence, which are the leading sources of error in our
setup. We have numerically simulated the GRAPE pulses
including a contrasted decoherence model for our qubits, in
order to estimate an error bar for each simulated channel.
We compute the standard deviation of our simulated data as
 =
√∑M
i=1(x
i
sim − xith)2/(M − 1), with M the number of
sampling points. In Tab. I we give the results for different
input states in the PD, AD, and DEP channels.
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